INTRODUCTION
We consider the problem of torsion of a hollow elastic shaft. We dénote by Cl the région occupied by the cross section in the x -y plane, which we shall assume to be doubly connected. We dénote by F o and Y the interior and exterior boundary of the domain Cl. The direction of the applied torque coincides with the z-axis. We assume that the shaft material is homogeneous and isotropic. We express the nonzero components of the stress tensor in terms of the stress function : where A o is the area of the région bounded by the curve F o and c is an unknown quantity whose value can be determined using (1.4). The torsional rigidity K a is given by l f \ (1.5)
Let us assume that the boundary F o and the following îsopenmetric condition are given :
where A is a positive constant. We look for the shape of Cl such that the rigidity K a is maximized. Among others, this problem has been studied by N. Bamchuk [3] , see also other related papers by Cea [6] and CeaMalanowski [8] .
We remark that by minimizing the functional r r |Vt?| 2 rf<o-2 v Ja Ja on a suitable function space we obtain a solution for the problem (1.1)-(1.4). For the correspondmg solution u a we have :
Thus, the domain CL that maximizes K a , minimizes J(u a ). By using this property, we shall define a new « relaxed » problem and applying some convex analysis techniques we shall prove the existence of the optimal domain H. In f act, the relaxed problem leads to the mimmization of a concave functional on a convex set of functions. The concavity structure will allow us to prove that there exists a characteristic function where the minimum is attained. This approach is similar to the one used by Gonzalez de Paz [13] for the study of the existence of a domain with minimal capacity when the interior boundary is unknown. In the appendix we show how our results can be applied to study capacity problems where the exterior boundary is unknown a priori. This research was partly done while the author was visiting the Courant Institute of Mathematical Sciences in New York supported by a Fulbright Grant. The author wishes to thank R. Kohn and the référée for their advices and criticisms, they were very helpful for the achievement of this work. 
THE RELAXED PROBLEM
Following the définitions introduced by Lanchon [16] , we put
hère HQ(B R ) dénotes the usual Sobolev space (see Neças [18] ). We now define on the Sobolev space the functional
We remark that for the special case of the elastic torsion, the function ƒ is a given positive constant. This special case is contained in our framework if we suppose that ƒ is strictly positive and bounded.
R. B. GONZALEZ DE PAZ
The problem P (|x) : The minimization of v -> J^(v) on £# was treated by H. Lanchon [16] . This functional is convex and weakly lower semicontinuous, so that for each jx e L™(B R , IR + ) there exists au^e E R such that the functional is minimized (cf. Ekeland-Temam [10] , Moreau [17] ) and u^ is the weak solution of the following boundary value problem :
In (2.8) n dénotes the unit normal exterior to H o at each point of r 0 . In the case ƒ is a constant and (x= 1 on O 0 , this is the classical intégral constraint (1.4).
Remark 2.1 : The element u^ is a non-negative function. In f act define w+ = max (u^, 0) . (see C. Gebhardt [11] and R. Jensen [24] Let (x be given, and let u^ be the corresponding minimizing element of J^ in E R , then for every v e E R we have :
This is an element of H$(B R ) (cf
Here the parentheses dénote the usual scalar product in L 2 (B R ). For the special case v = u^ :
and by using the Cauchy-Schwarz and the Poincaré inequality :
where a and a' are constants depending on the bail B R , then we obtain for every (x € C : lk/llz.« Il/Ht and finally, so the expected bail has radius p = a' |, 3 Nz/ Because of the Rellich-Kondrasov injection theorem, the set K = E R n B p is compact in L 1^) (cf. Neças [16] ). Besides, it is well known that if a family of affine functions is equicontinuous, the lower 
«eu:
Let 6>0 be given, and let jx e C be such that jx -jx 0 e (l/ei£) 0 ? the polar set of (l/e)i£. The latter is strongly compact in L 1 , so jx is in a neighborhood of jx 0 for the topology of the uniform convergence of compact sets of L 1 , so that we have for every u E K:
where the brackets dénote the (L 00 , L 1 ) duality. Then, for every we K:
which stablishes the equicontinuity. We need only to remark that the topology used above is equivalent to the weak topology ^(L 00 , L 1 ) on the unit bail of L°°(^) ? so that the functional is continuous for this topology on C (cf. Bourbaki [4] ). This gives our next resuit : THEOREM 2.2 : There exists an element \x, R e C such that = min<ï>(fx).
Remark 2.3 :
The functional <î > is the iower enveloppe of affine linear funetions, so that it is concave. This implies that among the minimizing éléments there are extremal points of C, and these are characteristic fonctions of sets with measure A +A 0 (cf. Castaing-Valadier [5] ). So there exists (Xfl = XÛ with H = O 0 U O K with €t R an optimal set. We shall study the necessary conditions of optimality in order to obtain a description of the optimal domain as the solution of a free boundary value problem. Remark 3.1 : 4> is concave and ^(L 00 , L^-continuous, so it follows that its derivative is a Frechet-derivative also (<;ƒ Valadier [21] ).
Remark 3.2 :
The first order necessary conditions of optimality give for every a = \x -\x R , ^ e C :
with u R the corresponding solution for the boundary value problem
If we restrict ourselves to characteristic fonctions, we obtain for every domain Q, in D R with measure equal to A and such that F o is contained in
The inequality (3.3) states that the integrand fu R must be « placed » in D R so that the intégral has a maximal value. We dénote F the boundary of ft R related to D R , F can be interpreted as a f ree boundary and we have : THEO 
REM 3.2 : Let f be a constant function y then there exists a positive number p R such that
where the equality is understood to hold a.e., and
Proof: The existence of a Lagrange multiplier related to the constraint (2.2) for the functional jx -• fu R \x d<x> is a classical f act (cf. Cea-
JB R
Malanowski [8] ). This means, there exists a constant p R such that for ail éléments 7 of the unit bail in L co (^, 1R + ) :
Then we have for almost every x G B R :
For tl as in Remark 2.3 we define G = B R \tl, and it follows : From the définition of £l R it follows :
Besides, because of the regularity of ƒ : u R e H 2 (D R ), so that the équation (2.5) is verified in the sense almost everywhere. This implies (see Zolesio [23] ) : meas ( {x e D R \u R (x) = p R } n Q, R ) = 0 and the first assertion of the theorem is proved.
The characterization of F follows from the fact that the function u R is continuous and superharmonic in D R (see Gonzalez de Paz [13] ).
COROLLARY 3.3 :
The support o f the measure |x da is the compact set :
Remark 3.3 : For the boundary condition (2.6) we have :
We shall omit for the rest of this paragraph the index R.
Remark 3.4 : The function u e HQ(B R ) is a solution of the following f ree boundary value problem :
Remark 3.5 : We should point out that in the case H o is not star-shaped, D R \Ù might have more than one connected component ; which should mean the existence of more « holes » in the cross section of the shaft. where the plus sign dénotes the limit at the boundary taken in the inward direction to Cl and the minus sign dénotes the limit in the outward direction.
Because of the regularity of u, it is known that free boundaries of this type are locaily Lipschitz (cf. Kinderlehrer-Stampacchia [15] ). If we recall the f act that the free boundary F is a level set of M, we have in the neighborhoods of points where | Vu | > 0 on F :
Some analog free boundary value problems have been studied by Zolesio [22] using other optimal design techniques. 4 Proof: We need only to remark that for the case ƒ = s with £ a positive constant, the stated results can be applied. Replacing the intégral constraint (2.8) with the Dirichlet condition u = 1 on Q o all the main results remain unchanged. For a given domain Ci, the corresponding solution u z of the boundary value problem has the form u e -u 0 + u e , where u 0 is the capacity potential of the domain £l 0 related to il and u E the corresponding solution of the Poisson équation in Ci with homogeneous Dirichlet conditions. So we have : En e (O) = 1/2 Cap n (no) + (Vw 0 , Vu e ) +
